Abstract: Bank erosion consists of two processes: basal erosion due to fluvial hydraulic force and bank failure under the influence of gravity. Because bank resistance force varies with the degree of saturation of bank material, the probability of bank failure is the probability of the driving force of bank failure being greater than the bank resistance force. The degree of saturation of bank material increases with river stage; therefore, the frequency of bank failure is correlated to the frequency of flooding. Consequently, the rate of bank erosion is due to both basal erosion and bank failure, and bank failure is a probabilistic phenomenon. In this paper, for cohesive bank material experiencing planar bank failure, a deterministic approach was adopted for basal erosion analysis, whereas the probability of bank failure was included in the analysis of bank failure. A method for calculating the rate of bank erosion was derived that integrates both basal erosion and bank failure processes, and accounts for the effects of hydraulic force, bank geometry, bank material properties, and probability of bank failure.
Introduction
Channel stabilization is critical in successful channel restoration. A stable channel, from a geomorphic perspective, has adjusted its width, depth, and slope to prevent significant aggradation or degradation of the streambed or significant planform changes within an engineering time frame ͑generally less than 50 years͒ ͑Bieden-harn et al. 1997͒. Even though the bed of a stream in dynamic equilibrium is neither degrading nor aggrading, erosion may be occurring in stream banks resulting in bank instability. Bank erosion can be a natural adjustment mechanism of channels in dynamic equilibrium ͑Biedenharn et al. 1997͒. Alluvial channels adjust themselves to reach regime conditions not only through the degradation and aggradation of the river bed but also through width adjustment and planform evolution.
Bank erosion caused by hydraulic forces acting on bank surface and the failure of banks due to geotechnical instability of the bank are the most commonly observed bank erosion phenomena in nature. Regarding the rate of bank erosion, the approach by Ikeda et al. ͑1981͒ was among the pioneering works addressing bank erosion when studying alluvial channel processes. In their approach, the bank erosion rate is linearly related to the excess near-bank velocity, which is the difference between depthaveraged velocity and cross-sectional mean velocity. Therefore, the bank retreats if the excess near-bank velocity is greater than zero; otherwise, the bank advances. An erosion coefficient is included to account for variations in bend geometry and properties of bank material. This approach was adopted by Parker ͑1976͒, Johannesson ͑1985͒, Odgaard ͑1989a,b͒, Crosato ͑1990͒, Lan ͑1990͒, and Larsen ͑1995͒. Odgaard ͑1989a͒ suggested that the bank erosion rate could also be correlated to the near-bank flow depth rather than the excess near-bank velocity. The bank erosion coefficient employed by Crosato ͑1990͒ included the effect of both fluvial erosion and bank failure. The universal bank erosion coefficient by Hasegawa ͑1989͒ relates the bank erosion rate to the cross-sectional mean velocity, which was validated using data from alluvial channels in Japan. Other researchers ͑Hickin 1974; Nanson 1975,1984; Osman and Thorne 1988 ; ASCE Task Committee 1998a͒ have related the rate of bank erosion to the geotechnical properties of bank material, but apparently the effects of hydraulic forces also need to be adequately considered.
Recently developed hydrodynamic and sediment transport models ͑Nagata et al. Duan 1998; Duan et al. 2001; Darby et al. 2002; Olsen 2003͒ have the capability of predicting not only bed degradation or aggradation but also channel width adjustments. An empirical approach ͑Hasegawa 1981͒ was applied to a computational model by Nagata et al. ͑2000͒ to predict bank erosion processes in meandering channels. However, this approach does not include the simulation of bank geotechnical failure. Duan et al. ͑2001͒ derived an analytical approach to predict the rate of basal bank erosion and applied it to a two-dimensional, depth-averaged model to simulate alluvial channel migration processes. This approach suggested that the rate of basal bank erosion depends on the longitudinal gradient of sediment transport, strength of secondary flow, and sediment eroded from the bank. Duan et al. ͑2001͒ and Duan ͑2001a ,b͒ stressed how the gradient of longitudinal sediment transport significantly impacts the advancement and retreat of bank lines through basal erosion and berm building. As a result, the initiation, widening, and migration of meandering channels together with the development of alternate bars were simulated. The simulated meandering channel migration processes reasonably duplicate the field observations of Leopold and Langbein ͑1966͒.
The Osman and Thorne ͑1988͒ model linked basal bank erosion to bank failure processes and derived an analysis of bank stability for planar bank failure. Darby and Thorne ͑1996͒ extended the applicability of this model by considering pore-water pressure and hydrostatic confining pressure terms, and allowing the failure plane to pass through more than the toe of the bank. Darby and Thorne ͑1996͒ have especially pointed out that the probabilistic bank stability is the occurrence of the desired factor of safety determined by the probability of occurrence of the bank soil-property combination. Darby et al. ͑2002͒ replaced the bank erosion submodel within the two-dimensional depth-averaged numerical model, RIPA, with a new physically based bank erosion model. Basal erosion of cohesive bank material and subsequent bank failure as well as the transport and deposition of eroded bank material were simulated in their model to predict the evolution of meandering channels. However, the analysis of bank failure as a probabilistic phenomenon associated with hydrologic events, such as flooding, was not included. Bank failure is actually a probabilistic phenomenon, and its occurrence accompanies natural events that trigger bank failure.
The objective of this paper is to derive an analytical equation for predicting the bank erosion rate by treating bank failure as a probabilistic phenomenon. In the derivation, the rate of basal erosion equals the difference between sediment entrainment and deposition instead of relating to the excess shear stress ͑ASCE Task Committee 1998b; Darby et al. 2002͒ . The angle of bank failure surface, volume of the failure block, and bank retreat distance from the bank failure derived by Osman and Thorne ͑1988͒ were employed here. The time interval between two sequential bank failures was obtained based on the assumption that the bank fails when the gravity driving force is equal to or greater than the bank resistance force. The actual rate of bank erosion is the averaged distance of bank retreat per unit time resulting from a series of bank failures. This new derived analytical model includes the analyses of basal erosion, bank failure, and probability of bank failure. Because the Osman and Thorne ͑1988͒ model was adopted, the new derived analytical model is limited to the homogenous cohesive bank material experiencing planar bank failure.
Theoretical Analysis
To derive the rate of bank erosion, the mechanics of basal erosion and planar bank failure were analyzed separately in the following sections. Basal erosion steepens the bank surface by fluvial undercutting at the toe of the bank. Consequently, bank failure such as planar, toppling, cantilever, etc., occur depending on various failure mechanics of cohesive or noncohesive bank materials. The bank failure model in this paper is limited to the planar failure of cohesive bank material.
Basal Erosion Rate of River Bank due to Flow
Basal erosion is referred to as the fluvial entrainment of bank material by flow-induced forces, including drag force, resistance force, and lift force that act on the bank surface. Cohesive force between sediment particles resists erosion of bank material. Approaches used in calculating the rate of basal erosion were summarized in ASCE Task Committee ͑1998a,b͒,which concluded that existing methods are subject to serious shortcomings. However, the importance of basal erosion in morphodynamic modeling requires the selection of a basal erosion model ͑Darby et al. 2002͒; for example, the excessive shear stress model. As summarized by the ASCE Task Committee ͑1998b͒ and Darby et al.
͑2002͒, excessive shear stress is a parameter subjected to uncertainty, and two coefficients are identified as user-specified calibration parameters. The author of this paper believes there is a need to explore other approaches to predict the rate of basal erosion. This paper describes a new analytical method derived to calculate the rate of basal erosion of cohesive bank material by applying the concept that bank surface erosion occurs when entrainment of sediment particles from the bank surface is greater than deposition. We employ the concept that bank surface is considered as being eroded when sediment particles depart from the bank surface as the rate of entrainment is greater than the rate of deposition.
Sediment particles resting on the riverbed and banks are subject to entrainment by flow-induced forces. In the meantime, these sediment particles tend to deposit on bed or bank surfaces because of gravity. If the rate of entrainment exceeds the rate of deposition, erosion occurs ͑Garcia and Parker 1991͒. Otherwise, deposition takes place. The channel bed or bank remains stable when the exchange of sediment particles between entrainment and deposition reaches a dynamic equilibrium.Consider an erodible cohesive riverbank with a slope angle of ␤ ͑Fig. 1͒.
Assuming the bank material is uniform and homogeneous and the displacement or migration of sediment particles occurs by entrainment only, then the forces acting on a particle having a diameter of d on this bank slope, which is perpendicular to the bank surface on the XOY plane, include submerged weight of sediment particles, lift force, and cohesive force. The submerged weight considering the effect of channel slope as well as bank slope ͑Julien 1998͒ can be expressed as
where W sn =submerged weight; d=particle diameter; g=acceleration of gravity; ␣=angle of channel slope; ␤=angle of the bank, and s , =densities of sediment particles and water, respectively. This paper assumed the channel slope was negligible comparing to bank slope, and thus Eq. ͑1͒ was simplified as
The lift force can be calculated by
where F L =lift force; C L =coefficient of lift force; and u=velocity near bank surface. The lift force is perpendicular to the bank surface. According to Einstein ͑1950͒, when the velocity, u, is chosen to be the flow velocity with a distance, 0.35d, above the reference bed surface, the lift coefficient, C L , is equal to a con- If the riverbank material is composed of graded grains, C L is also a function of the Reynolds number for the grains. Eq. ͑2a͒ is rewritten in the following form to quantify the lift coefficient, C L :
where u ‫ء‬b =friction velocity at the bank surface. The logarithmic distribution of velocity profile was assumed to be valid near bank. Flow velocity at 0.35d above bank surface was then correlated to the friction velocity. The coefficient of lift force can be obtained
, where C L =constant, =Von Karman constant; and k s =roughness height equal to the mean size of sand grain ͑Chien and Wan 1991͒.
For cohesive bank material, interactions among fine-grained particles exert a cohesive force on an individual grain being lifted. The cohesive force is a function of particle size and density and other factors, such as the porosity of bank material. Cohesive force can be expressed as
where f C =cohesive force per unit mass; m s = d 3 s / 6.0, which is the mass of a sediment particle; and =porosity of bank material. However, present knowledge does not permit an analytical expression of cohesive force. It should be determined based on the experimental and field data for a specific bank material. The objective of this section is to derive an expression for calculating basal erosion. Specific methods to estimate cohesive forces for various soils are not discussed here.
When particles are lifted by flow to a distance equal to the diameter of the sediment particle, they are considered being entrained. The momentum law gives
where V sn =sediment particle escape velocity from the bank normal to the surface. By substituting Eqs. ͑1a͒, ͑2a͒, and ͑3͒ into Eq. ͑4͒, then solving Eq. ͑4͒ for V sn and becomes
͑5͒
The critical condition for sediment particle entrainment from bank surfaces occurs when the equation F L = W sn + F c is satisfied, which requires V sn = 0 in Eq. ͑5͒. The friction velocity at V sn =0 is defined as the critical friction velocity symbolized as u ‫ء‬bc . Then, Eq. ͑5͒ yields
Eq. ͑6͒ defines the critical entrainment Shields parameter of bank sediments, which is the dimensionless critical shear stress where sediment particles begin to entrain from the bank surface. Since the entrainment mechanics of sediment particles from the channel bed have been studied extensively ͑Garcia and Parker 1991͒, Eq. ͑6͒ is the entrainment criterion of bank sediments, which is the same as the criterion of bed sediments when the angle of bank surface is zero. Then, applying the definition of the critical entrainment Shields parameter into Eq. ͑5͒ it reduces to
Thus, the entrainment rate, defined as the rate of entrained sediment particles escaping from bank surface with a velocity of V sn perpendicular to bank slope, is calculated as
where E n =entrainment rate and =porosity of bank material. In Eq. ͑8͒, 1− was multiplied to the escaping velocity to consider the net amount of sediment entrained from bank surfaces. The deposition rate can be simply expressed as the product of nearbed sediment concentration and the settling velocity of sediment, which is
where c b =near-bed concentration of moving sediment and =settling velocity of a spherical sediment particle ͑Van Rijn 1989͒, which takes the form
where C D =drag coefficient and its value depends on the flow regime being laminar, transitional, or turbulent. The rates of entrainment and deposition in Eqs. ͑8͒ and ͑9͒, respectively, are in the direction normal to the bank surface. But, the volumetric rate of bank erosion due to hydraulic forces, denoted as , is the rate that sediment accumulated or eroded at the bank surface in the horizontal direction. This rate can be calculated as the horizontal projection of the difference between the entrainment and deposition rates and is written as
The difference between the rate of entrainment and deposition of sediment was divided by 1 − to account for the porosity of bank material. The volumetric rate of bank erosion, , is the volumetric porous bank material being eroded by hydraulic forces. If =0, then the riverbank is not undergoing erosion, so the near-bank, suspended sediment concentration reaches the equilibrium value. Because sin ␤ is not a constant and does not equal zero, the nearbed sediment concentration reaches equilibrium when the rate of bank erosion equals zero. Eq. ͑11͒ thus yields
where c be =equilibrium concentration of suspended near-bank sediment under flow intensity characterized by u ‫ء‬b , and c e =value of c be when ␤ = 0, which equals the equilibrium concentration of suspended near-bank sediment. Therefore, substituting the expression of c e from Eq. ͑12͒ into Eq. ͑11͒, and assuming that the ratio of the actual near-bank sediment concentration and its equilibrium value at ␤ = 0 is approximately equal to the ratio of the depthaveraged, suspended sediment concentration and its equilibrium value, expressed as c b / c e = C / C ‫ء‬ , where C and C ‫ء‬ =depth-averaged and equilibrium concentrations of suspended 
Eq. ͑13͒ indicates that the depth-averaged concentration of suspended sediment and the local shear stress on the bank are considered the primary factors in determining the rate of basal erosion. The rate of basal erosion varies with the velocity of nearbank friction. To average the rate of basal erosion along the bank surface, shear stress on the surface of the riverbank is assumed to be linearly distributed
where b0 =shear stress at the toe of the bank slope, and 0 ഛ y ഛ D, where D=flow depth. If the bank is eroding, the actual friction velocity should be greater than the critical friction velocity for bank erosion, which indicated that u ‫ء‬ b 2 ജ u ‫ء‬ bc 2 must satisfy Eq. ͑13͒; therefore, Eq. ͑13͒ is valid only when
where bc = u ‫ء‬ bc 2 . To obtain the averaged bank erosion rate, Eq. ͑13͒ was integrated from the toe of the bank to y = D͑1− bc / b0 ͒ where the actual friction velocity equals the critical friction velocity. The depth-averaged, bank erosion rate is obtained as
where ␤ =averaged bank slope and =depth-averaged bank erosion rate due to hydraulic force. The E coefficient is defined as
where E=erosion coefficient that relates to the averaged bank angle, coefficient of lift force, the depth-averaged and equilibrium concentration of suspended sediment. Eq. ͑16͒ is distinguished from existing equations used in calculating the rate of basal erosion by correlating the criterion of bank-material incipient motion to the well-studied criterion for bed material. The cohesive resistance of bank material was included in the expression of threshold friction shear stress for bank material ͓see Eqs. ͑6͒ and ͑16͔͒ that indicated cohesion between bank sediment decreases the ability of cohesive bank material to be entrained. It is difficult to measure cohesive resistance of bank material in the field, although this measurement is essential in calculating the basal erosion rate of cohesive bank material. The threshold friction shear stress of cohesive bank material could be analogous to the cohesive bed material considering that bed material is completely saturated while bank material could be completely, partially, or not saturated. Therefore, the cohesive resistance of bank material varies according to respective degrees of saturation. A detailed discussion about determining threshold friction shear stress for cohesive bank material requires additional laboratory and field data that is not included in this paper. The coefficient of flow-induced lift force in Eq. ͑17͒ can be calculated by the empirical formulas in Chien and Wan ͑1991͒.
Bank Erosion due to Bank Failure
The rate of bank erosion is the speed of bank retreat at the top of the bank; therefore, basal erosion at the underwater portion of the bank surface does not directly contribute to the retreat of bank lines. It is bank failure that directly contributes to the rate of bank erosion. The fundamental mechanics of planar bank failure include basal erosion occurring at the underwater portion of the bank surface thus destabilizing the upper part of the bank. When the down-slope component of gravity becomes greater than the bank resistance, the upper bank will collapse ͑Thorne 1982͒. The critical condition of planar bank failure occurs when the driving force of bank failure equals the bank resistance force. However, because the cohesive resistances of bank materials are different below and above the water surface, the overall bank resistance varies with the height of the water surface and thus changes with flow discharge. A bank could be stable at low flow because the larger portion of the bank surface is above the water surface and therefore unsaturated. This bank material has a higher apparent cohesive resistance due to the development of negative pore water pressures. One may observe that bank failure occurs on the recessional limbs of or well after storm hydrographs. These phenomena have been attributed to the increased weight of the potential failure blocks as pore air is expelled and positive pore pressures are not counteracted by confining pressure afforded by the water in the channel. A recent study ͑Simon et al. 2000͒ indicated that the resisting shear stress on the surface of a failure plane is reduced due to loss of negative pore water pressure that plays an important role in triggering bank failure.
The role of basal erosion is to reshape bank geometry by entraining sediment from the submerged portion of the bank surface. The reshaped bank surface increases the instability of the bank, but bank failure is initiated by other natural or man-made events, such as floods. In this analysis, flooding is assumed to be the primary natural event that causes bank failure. Thus, the frequency of bank failure correlates to the frequency of flooding. The rate of bank erosion is determined by the size of the bank failure block and equals the width of the bank failure block divided by the total time required for basal erosion, T s , and bank failure, T f .
The period of bank failure is defined as the time interval between two sequential bank failures. The frequency of bank failure is the reciprocal of the period of bank failure. Therefore, the rate of bank erosion, the averaged speed of bank retreat resulting from a sequence of bank failures, can be expressed approximately by
where ⌬B=width of failure block; ⌬T = T s + T f =total time required for both basal erosion and bank failure to occur where T s =time for a stable bank to reach a critical state of bank failure caused by basal erosion; and T f =period of bank failure. Both the width of failure block and the period of bank failure are required in Eq. ͑18͒ to derive the expression for the rate of bank erosion. 
Basal erosion occurs at the under water portion of bank surface, and destabilize the upper bank material until a flood event causes the upper bank material collapses. A part of the failure bank material will remain at the toe of bank, and the other will be transport downstream immediately. After bank failure, the geometry of bank surface was modified, and then a new cycle of bank erosion starts from a newly formed bank surface. Banks of natural channels varied significantly in geometry, material, surface cover ͑e.g. vegetation͒, and geological conditions ͑e.g., groundwater͒. The above idealized bank erosion cycle is only valid for alluvial channels having cohesive bank materials, where the failure bank material is likely to break into small pieces, and transport downstream during a short time period after bank failure. Therefore, the time period requiring wash away failure bank material is negligible comparing to the time period of bank failure.
The planar bank failure model of Osman and Thorne ͑1988͒ was employed to calculate the width of failure block and the volume of failure material ͑Fig. 2͒.
At the critical condition, ABFH in Fig. 2 is the mass volume eroded by fluvial entrainment per unit channel length and was approximated as
where V s =mass volume of eroded sediment by entrainment; H=bank height at the critical condition; HЈ=is the bank height above the zone of lateral erosion; and ␤ c =angle of failure plane. The volumetric basal erosion rate is the eroded sediment volume due to basal erosion per unit channel length per unit time. This rate is calculated as the product of the rate of basal erosion and the height of the eodible bank surface written as ͑H − HЈ͒. The time required for the bank surface to reach the critical bank failure condition, T s , equals the total eroded sediment volume divided by the volumetric basal erosion rate and can be determined by
Bank failure occurs when the critical condition of bank failure is reached, and a flood event is assumed to trigger the failure. The depth of tension crack could grow along with the processes of basal erosion. However, to the writer's knowledge, no literature is available to address the development of tension crack with basal erosion. The depth of tension crack was treated as a constant in this analysis. The width of the failure block ͑Osman and Thorne 1988͒ is given as
where Y=depth of the tension crack and ⌬B=distance of bank retreat due to bank failure. The angle of the failure plane ͓see Eq. ͑27͒ in Osman and Thorne 1988͔ can be determined by
where =angle of repose and K = Y / H=ratio of crack depth to bank height. By substituting Eqs. ͑20͒ and ͑21͒ into Eq. ͑18͒, the rate of bank erosion can be obtained as proportional to the rate of basal erosion, and it can be expressed as
where e=coefficient that reflects the effect of bank failure expressed as
The rate of bank erosion in Eq. ͑23͒ is the product of two factors: one is the depth averaged rate of basal erosion and the other is the coefficient of bank failure. The critical bank height, H, in Eq. ͑24͒ should be determined according to Osman and Thorne ͑1988͒ and satisfy the following relation:
where 1 , 2 , and 3 =coefficients; c=cohesive coefficient with the consideration of safety factor ͓see Eq. ͑17a͒ in Osman and Thorne 1988͔; and ␥ s =specific weight of bank material. Because ␤ c in Eq. ͑26͒ is a function of H , H can be determined by solving Eqs. ͑22͒ and ͑25͒ using the heuristic approach.
Frequency of Bank Failure
The frequency of bank failure is needed in Eq. ͑24͒ to approximate the rate of bank erosion. Because the bank collapses when the drag force of the failure block is greater than the resistance force, the probability of bank failure is interpreted as the probability that the driving force of bank failure is greater than the bank resistance force. According to the analysis of Osman and Thorne ͑1988͒, the driving force of bank failure is given by and the resistance force, F R , is a function of the cohesive force and the angle of repose expressed as
where N=component of the weight, W t , normal to the failure surface and equal to W t cos ␤ c , and F C =cohesive resistance force acting on the failure surface. The weight of the failure block is given as
Substituting Eqs. ͑29͒-͑31͒ into the condition of bank failure,
Substituting the expression of N with the weight of the failure block into Eq. ͑32͒ and rewriting yields
The cohesive force can be calculated as the product of the apparent cohesion and length of the failure plane. For unsaturated bank material, the apparent cohesion is the sum of the effective cohesion and the increase of shear strength due to an increase in matric suction, which is the difference between air and pore-water pressure of unsaturated bank material ͑Simon et al. 2000͒ . The degree of saturation of bank material below the water surface is larger than that above the water surface. Therefore, bank material above the water surface has a larger cohesion than that below the water surface. The bank cohesive resistance decreases with increased flow depth. In this analysis, the resistance force acting on the bank failure surface is treated as a variable, which varies with the fluctuation of flow depth. Then, the resistance force on the failure plane, FE, ͑see Fig. 2͒ can be written as
where c s =effective cohesion of bank material below the water surface and c d =cohesion of bank material above the water surface
where D=flow depth, therefore, the cohesive force can be written as
The difference in cohesive coefficients between bank material below and above the water surface can be written as
By rewriting Eq. ͑37͒ as c s = c d − ⌬c and substituting into Eq. ͑36͒, it becomes
Eq. ͑38͒ is the expression of the cohesive resistance force of bank material as a function of bank height, length of tension crack, angle of failure plane, depth of flow, and resistance of cohesive bank material. Substituting the expression of bank resistance force ͓Eq. ͑38͔͒ into the criterion of bank failure in Eq. ͑33͒, after rewriting, the resultant criterion of bank failure is obtained as
To write Eq. ͑41͒ in a concise form, define the flow depth with p occurrence probability as
Then, Eq. ͑39͒ can be rewritten into a simple form as
Eq. ͑41͒ indicates when flow depth is greater than D p , drag force will exceed resistance force and bank failure will occur. The probability that flow depth is greater than D p occurs when the driving force of bank failure is greater than the bank resistance force. Here D p was defined as the flow depth when flow discharge equals the discharge of a flood with an occurrence frequency of p. Eq. ͑40͒ clearly illustrates that the flow depth, D p , is determined by bank geometry and the cohesion of bank material.
Again, Eq. ͑41͒ indicates that the probability of bank failure occurs when flow depth is greater than D p . Because the daily discharge is well recorded in most rivers, the probability that flow depth is greater than D p can be transformed into the probability that flow discharge is greater than the discharge corresponding to flow depth, D p . The relationship between flow depth and discharge for turbulent flow can be determined by the Manning equation as follows:
where Q p =critical discharge for bank failure corresponding to the flow depth of D p ; n=Manning roughness coefficient; S=surface slope; and A=cross-sectional area. Then, the criterion of bank failure, Eq. ͑41͒, can be written in terms of discharge
Eq. ͑43͒ is essentially another expression of the bank failure condition where the probability of bank failure is expressed in terms of the occurrence frequency of discharge. Recommended procedures for flood-frequency analyses by U.S. federal agencies are described in Bulletin 17B ͑Interagency Advisory Committee on Water Data 1982͒. A Pearson Type 3 distribution to the common base 10 logarithms of the flood flow was recommended. The probability density function of a log-Pearson 3 ͓LP͑3͔͒ distributed random variable x is given by
where ␣Ј and ␤Ј=parameters and ␥=coefficient of skewness. ⌫͑␤Ј͒ is the gamma function defined by the following equation:
For flood frequency analysis, only values of ␤Ј greater than 1 and 1 / ␣Ј greater than zero are of interest ͑Rao and Hamed 2000͒. The guidance for the application of Eq. ͑44͒ can be found in Maidment ͑1993͒. The probability of bank failure, which equals the probability when the discharge is greater than the critical discharge of bank failure, according to Eq. ͑44͒, can be calculated as
where =probability that flow discharge is greater than the critical discharge of bank failure, which equals the probability of bank failure, and Q p is defined by Eq. ͑42͒. The formula for calculating the probability of flood discharge being greater than the critical discharge of bank failure is available in hydrologic engineering textbooks or similar guidance ͑Rao and Hamed 2000; Maidment 1993͒. Therefore, the time required for a bank failure to occur is
By substituting Eq. ͑46͒ into Eq. ͑24͒, the value of the erosion coefficient, e, in Eq. ͑24͒, can be rewritten as
The new analytical expression for the rate of bank erosion is then completed by substituting Eq. ͑47͒ into Eq. ͑23͒, Finally, the analytical equation for the rate of bank erosion originally expressed by Eq. ͑23͒ can be rewritten as
where e=factor that reflects the effect of bank failure, which incorporates not only bank geometry but also the probability of bank failure and E=erosion coefficient from the derivation of basal erosion formula expressed by Eq. ͑17͒. One can see that Eq. ͑48͒ is obtained based on the theoretical reasoning of the bank erosion process including basal erosion and the subsequent planar bank failure. The e factor denotes the contribution of bank failure to the rate of bank erosion, which is determined by bank geometry, bank material properties, and probability of bank failure. The probability of bank failure ͓Eq. ͑45͔͒ occurs when flow discharge is above the critical discharge for bank failure, Q p . In this analysis, flow discharge of a flood is assumed to have a LP͑3͒ distribution; therefore, the probability of bank failure can be calculated by using the probability density function of a LP͑3͒-distributed random variable, such as Eq. ͑44͒. Unlike the previous analysis, Eq. ͑48͒ incorporates not only the changes of bank geometry due to bed degradation and basal erosion but also the processes of bank failure where bank failure is considered to be probabilistic phenomena that were strongly influenced by a hydrologic river event, such as flooding. The probability of bank failure is correlated to the frequency of flooding based on the analysis of planar bank failure mechanics. If the detailed bank geometry, composition of bank material, and distribution of flow discharge are known, the rate of bank erosion can be calculated by using Eq. ͑48͒ with Eqs. ͑17͒ and ͑47͒. However, the available data seldom report the angle of the bank, depth of the tension crack, and height of the bank; therefore, additional data are needed to validate the applicability of this derived analytical method.
Calculation Procedures and Example
The bank erosion rate equation, Eq. ͑48͒, requires geometrical bank parameters ͑e.g., bank height, bank angles, bank material properties͒, hydraulic parameters ͑e.g., flow velocity, roughness, bed slope͒, and a series of discharge records. Bank height, slope, and depth of the tension crack can be measured in a field survey. Samples of bank and bed material must be analyzed in a soil laboratory to determine size gradation. The mechanical properties of soil ͑e.g., repose angle, cohesion͒ can be determined through a direct shear test or triaxial stress test. Flow velocity can be measured or calculated from discharge, flow depth, and roughness. Geometric and hydraulic bank parameters obtained from a field survey conducted by Water Engineering and Technology, Inc. ͑1987͒ are used in presenting the following example. The objective of the example is to illustrate calculation procedures and quantify various parameters in the equations.
Example: The West Jordan River is located in the middle of the Salt Lake Valley, southwest of downtown Salt Lake City. The mean size of bed material is 0.5 mm, whereas the mean size of bank material is 0.8 mm. The bank height ranges from 1.98 to 4.57 m. The angle of the bank ranges from 50 to 90°. The depth of the tension crack is 0.15-1.07 m at some reaches. The averaged bank geometries, where the bank height is 3.66 m, depth of the tension crack is 0.61 m, and initial bank angle is 70°, were selected for this calculation. The averaged flow depth is 1.98 m, and velocity is 1.68 m / s, Manning's roughness coefficient is 0.025, and the channel slope is 0.0001. The repose angle of bank material is 35°, and the effective cohesion for dry and saturated bank material is 50 and 20 kN/ m, respectively. To determine the bank erosion rate, the following calculations were made. 1. Calculate erosion coefficient for basal erosion: The coefficient of lift force, C L Ј, in Eq. ͑2͒ was calculated by using C L = 0.178 and k s = d = 0.8 mm. The ratio between the actual and equilibrium concentration of suspended sediment is assumed to be 0.25 based on field observations. The concentration of near-bank suspended sediment can be measured by a suspended sediment sampler. The equilibrium concentration of suspended sediment can be calculated from flow parameters by using the Van Rijn ͑1989͒ formula. The angle of initial bank surface is 70°͑1.22 rad͒. The basal erosion coefficient calculated from Eq. ͑17͒ is 0.0104 m 3/2 / g 1/2 . 2. Determine actual and critical shear stress: The actual shear stress is calculated from b0 = gu 2 / C c 2 and
͑Henderson 1966͒. Substituting D = 1.98 m , d = 0.8 mm into the preceding equations, the Chezy's roughness coefficient is obtained as 97.14. Then, substituting the averaged velocity ͑1.68 m / s͒ into b0 = gu 2 / C c 2 , the actual shear stress is obtained as 2.92 N / m 2 . Critical shear stress of cohesive sediment is difficult to determine due to complex electrochemical environments. Available formulas for determining the critical shear stress of cohesive sediments finer than 0.1 mm are only applicable to irrigation canals and ditches. However, bank material of the West Jordan River is composed of coarse sand having a mean size of 0.8 mm. Cohesion of the bank material has resulted from the presence of vegetation roots and layers of cohesive silt. Therefore, the approximate critical shear stress is calculated from the Shield's diagram due to the lack of an appropriate equation to calculate critical shear stress of cohesive banks. The critical shear stress is obtained as 2.40 N /m 2 . The rate of basal erosion calculated from Eq. ͑16͒ is calculated to be 0.0013 m / s. / s, the probability of exceedence is obtained as 27.67%, which indicates that critical discharge for bank failure occurs with a probability of 27.67%. The time period of bank failure flood is the reciprocal of the frequency, which equals 3.6 years. 7. Calculate rate of bank erosion: By substitute frequency of bank failure, critical bank height, and angle of bank failure into Eq. ͑47͒, e in Eq. ͑47͒ is obtained as 1.582ϫ 10 −5 . Then, the rate of bank erosion is calculated by using Eq. ͑48͒, where e , E, and shear stresses are obtained in Steps 1, 2, and 7. The rate of bank erosion is 2.10ϫ 10 −8 m/s͑0.662 m / year͒. This result indicates that the rate of bank erosion at the West Jordan River is approximately 0.662 m / year, and bank surfaces are not stable. However, this calculation is based on the averaged flow parameters from an engineering study, and bank and bed material do not correspond to the averaged flow conditions at specific cross sections. Parameters, including the concentration of near-bed suspended sediment, critical shear stress of cohesive bank material, depth of the tension crack, etc., are determined by using simple available methods, which may not be accurate in practical applications. Sensitivity analysis is needed to overcome the difficulty in scarcity and uncertainty of the data. The observed bank erosion rate at this reach ranges from 0.1524 m / year to 3.048 m / year ͑Water Engineering and Technology, Inc. 1987͒. Therefore, the calculated bank erosion rate is within the range of the observed bank erosion rate but does not exactly represent the rate of bank erosion at a particular location of the West Jordan River. 
Conclusions
Bank erosion includes basal erosion due to hydraulic force acting on the bank surface and bank failure because of geotechnical instability. This paper presents a derived equation for predicting bank erosion rate based on theoretical analysis. The rate of basal erosion is the rate of bank material entrainment to the water body per unit channel length per unit time. Because bank failure frequently occurs in the recessing limb of a storm hydrograph, the frequency of bank failure was correlated to the frequency of flooding. The contribution of this research is that bank failure was treated as a probabilistic phenomenon and the frequency of bank failure is correlated with river flood flow, which can be obtained by assuming a LP͑3͒ distribution of flood flow. This study indicates that the rate of bank erosion is a function of the hydraulic forces, bank geometry, bank material cohesion, and frequency of bank failure. A calculation example was included to illustrate the steps when using this method. In summary, this paper reported a probabilistic approach to calculate the rate of bank erosion. Bank failure was considered as a probabilistic process, and the frequency of bank failure was derived from flood frequency so that the geomorphologic processes are correlated with the hydrologic processes. However, being limited to the assumptions made, the approach is applicable to cohesive bank material of planar bank failure. Additional experimental and field data to verify the derived approach are still lacking at present. Further research need to consider the impact of flood hydrographs, evolution of tension crack with basal erosion, bank material saturation prior to bank erosion, and time period to wash away failed bank material. It would be very compelling to quantifying bank erosion if we fully understand the mechanism of flooding that triggers bank failure, and how bank material properties ͑e.g. saturation, geometry͒ affect the frequency of bank failure.
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Notation
The following symbols are used in this paper:
A ϭ cross-sectional area; C , C ‫ء‬ ϭ depth averaged and equilibrium concentrations of suspended sediment, respectively; C c ϭ Chezy's roughness coefficient; C D ϭ drag coefficient; C L ϭ coefficient of lift force if using the velocity near bank surface;
C L Ј ϭ coefficient of lift force if using friction velocity; c ϭ cohesive coefficient with the consideration of safety factor; c b ϭ near-bed concentration of moving sediment; c be ϭ equilibrium concentration of suspended near-bank sediment under flow intensity characterized by u ‫ء‬b ; c d ϭ cohesion of bank material above the water surface; c e ϭ value of c be when ␤ = 0, which equals the equilibrium concentration of suspended near-bank sediment; c s ϭ effective cohesion of bank material below the water surface; D ϭ flow depth; D n ϭ deposition rate; D p ϭ flow depth when flow discharge equals the discharge of a flood with an occurrence frequency of p; d ϭ particle diameter; E ϭ erosion coefficient; E n ϭ entrainment rate; e ϭ coefficient that reflects the effect of bank failure; F C ϭ cohesive resistance force acting on the failure surface; F L ϭ lift force; F R ϭ resistance force; f C ϭ cohesive force per unit mass; g ϭ acceleration of gravity; H ϭ bank height at the critical condition; HЈ ϭ bank height above the zone of lateral erosion; K = Y / H ϭ ratio of crack depth to bank height; K T ϭ frequency factor corresponding to T-year return period; k s ϭ roughness height; M ϭ rate of bank erosion; m s = d 3 s /6 ϭ mass of a sediment particle; N ϭ component of the weight; n ϭ Manning roughness coefficient; p ϭ frequency; Q p ϭ critical discharge for bank failure corresponding to the flow depth of D p ; S ϭ surface slope; T f ϭ time period of bank failure; T s ϭ time period required for basal erosion to reach the critical bank condition; t ϭ time; u ϭ depth-averaged flow velocity; uЈ ϭ standard normal variate corresponding to a probability p of exceedence; u ‫ء‬b ϭ friction velocity at the bank surface; u ‫ء‬bc ϭ critical friction velocity for entrainment; V s ϭ mass volume of eroded sediment by entrainment; V sn ϭ sediment particle escape velocity from the bank normal to the surface; W sn ϭ submerged weight of sediment particles; W t ϭ weight of failure block;
x ϭ variable in Eq. ͑44a͒; Y ϭ depth of the tension crack; y ϭ vertical distance from bank surface; y' ϭ parameter in Eq. ͑44a͒; z p ϭ factor relating to the discharge of p occurrence probability; ␣ ϭ angle of channel slope; ␣Ј , ␤Ј ϭ statistic coefficients in Eq. ͑44͒; ␤ ϭ angle of the bank; ␤ ϭ averaged bank slope; ␤ c ϭ angle of failure plane; ␥ ϭ coefficient of skewness; ␥ s ϭ specific weight of bank material; ⌬B ϭ distance of bank retreat due to bank failure; ⌬B ϭ width of failure block; ⌬c = c d − c s ϭ difference in cohesive coefficients between bank material above and below the water surface; ⌬T = T s + T f ϭ total time required for both basal erosion and bank failure; ⌬Z ϭ depth of vertical bed degradation; ϭ probability that flow discharge is greater than the critical discharge of bank failure; ϭ Von-Karman constant; ϭ porosity of bank material; 1 , 2 , 3 ϭ coefficients in Eqs. ͑25͒-͑28͒; ϭ volumetric rate of bank erosion due to hydraulic force; ϭ depth-averaged bank erosion rate due to hydraulic force; = 3.14 ϭ constant;
, s ϭ densities of water and sediment particles, respectively; bc ϭ critical shear stress; b0 ϭ shear stress at the toe of the bank slope; ϭ angle of repose; and ϭ settling velocity of a spherical sediment particle. 
